NEW FUNDAMENTAL FORMULAS IN THE
THEORY OF ELLIPTIC TRANSCENDENTS *

Carl Gustav Jacob Jacobi

1.

There is a known identity among the differences of the four quantities w, x, y,
z and it is used very frequently:

(w—x)(y—2z)+(w—y)(z—x)+(w—z)(x—y) =0.
This relation, what is also known, enjoys the extraordinary property that it
still holds, if instead of the differences one writes their sines, whence it results:

sin(w — x) sin(y — z) + sin(w — y) sin(z — x) + sin(w — z) sin(x — y) = 0.

This formula, having put:

w—x=a, xX—y=u Yy—z=»>,

can also be exhibited this way:

sinasinb + sinusin(u +a +b) = sin(u + a) sin(u + b).

Therefore, asking for a formula similar to the preceding in the theory of
elliptic functions, I proceeded a follows.
In the known formula for the addition of elliptic integrals:
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sinam # cosam vA am v + sinam v cosam uA am u

1 — k2 sin? am u sin® am v

sinam(u +v) =

let us write u + a instead u, u + b instead of v and let us consider 4, b as
constant, u as a variable. The preceding formula can then be represented this
way:

d[sinam(u + a) sinam(u + b)]

1. inam(2u +a+b) = '
(1) sinam(2u +a +b) [1_kzsinzam(u+a)sin2am(u+b)]d”

whence, after an integration, it results:

u

) 1 1+ ksinam(u + a) sinam(u + b)
(2) Ofsmam(Zu +atb)du = 2k log 1 —ksinam(u + a) sinam(u + b)

l o 1+ ksinamasinamb
2k gl—ksinamasinamb'

The expression on the left-hand side remains the same, if a + b remains the
same; hence also the expression on the right-hand side must not change its
value, if we put b = 0, and write a + b instead of a. Hence, if we go from
logarithms to numbers, this equation results:

[1+ksinam(u +a)sinam(u + b)|[1 — ksinamasinam b|
[1 —ksinam(u + a) sinam(u + b)|[1 + ksinama sinam b|
_ 14 ksinfam(u+a+b))sinamu
- 1—Isinam(u+a+b)sinamu

(3.)

If we put the expression on the left-hand side:

P+kQ 1+4ksinam(u+a+b)sinamu
P—kQ 1—ksinam(u+a-+b)sinamu’

where:

e
|

1 — k?sinamasinam bsinam(u + a) sinam(u + b),

Q = sinam(u + a) sinam(u + b) — sinamasinamb,



it follows from (3.):

Psinamusinam(u +a+b) = Q,

which suggests the formula in question:

(4.) sinamasinamb + sinam usinam(u + a + b) — sinam(u + a) sinam(u + b)

= k? sinam a sinam b sinam u sinam (u + a) sinam(u + b) sinam(u + a + b).

This is a new formula, of highest importance throughout the whole theory of
elliptic functions.

If we introduce the differences of the four quantities again, the formula can
be represented this way:

sinam(w — x) sinam(y —z) +sinam(w — y) sinam(z — x) +sinam(w — z) sinam(x — y)

+k* sinam(w — x) sinam(w — ) sinam(w — z) sinam(x — y) sinam(y — z) sinam(z — x) = 0.

The similarity of the formulas concerning trigonometric and elliptic functions
is even greater, if we introduce tangents instead of the sines. For, putting
av/—1, by/—1, u\/—1 instead of a, b, u, from (4.), since sinam(u/—1) =
v/—1tanam(u, k'), if we substitute the modulus k for k' again, this formula
results:

(5.) tanamatanamb + tanamu tanam(u + a 4+ b) — tanam(u + a) tanam(u + b)

= k’”tanama tanam b tanam u tanam (u + a) tanam(u + b) tanam(u +a + b).

These, having put k = 0, goes over into a trigonometric formula:

(6.) tanatanb + tanutan(u +a +b) — tan(u + a) tan(u + b)
= tanatanbtanutan(u + a) tan(u + b) tan(u +a + b).

In this formula, if instead of the tangents we write the tangents of the ampli-
tudes, nothing will be changed, except that the term on the right-hand side
obtains the factor k'2.

From the formula for the addition of integrals of the second kind



E(u) + E(v) — E(u 4 v) = k* sinam u sinam v sinam(u + v)

one has:

E(a) + E(b) — E(a+b) = k*sinamasinam bsinam(a + b),
E(u)+E(a+b)—E(u+a+b)=k?sinamusin(a + b) sinam(u +a +b),

having added which, from (4.):

(7.) E(a)+ E(b)+ E(u) —E(u+a+0)
= k?sinam(u +a) sinam(u + b) sinam(a + b)[1 4 k? sinam sinam b sinam u sinam(u +a +b)],

which formula is symmetric in a, b, u. A formula of this kind deserves it to
be mentioned, since by successive additions we are led to formulas, which,
although they are symmetric in their nature, nevertheless arise in asymmetric
form, which is not always obvious, how to render it symmetric appropriately.
Formula (4.), I found by the mentioned method, can be demonstrated in
various other ways. Richelot communicated this proof for it to me.

Let

w+x2y Z:oc, w x;ty 225, w x2y+z_%

it will be:

w—x=p+7, w—-—y=7+ua, w—z=ua+p,
y—z=p-—17, zZ—X=7++aq, x—y=a—2p,
whence, since in general:

2 2

amu — sin“ am o
2

sin

sinam(u + v) sinam(u — v) =

. . 7
1 — k2 sin® am u sin? am v

we obtain:



sin? am B— sin? am

sinam(w — x) sinam(y — z) = I~ Ksin? psinam
sin?am 7 — sin? am &

. . 4
1 — k2 sin” 7 sin? am «

sin®am & — sin® am

sinam(w — y) sinam(z — x) =

sinam(w — z)sinam(x — y) = .
( ) x=y) 1 — k2 sin® a sin? am

One has to demonstrate the theorem, that the sum of the three expressions on
the left-hand side is equal to their product multiplied by —k?, or, for the sake
of brevity having put:

sinama = t, sin” am B = t, sin®am y=1t",

that one has:

t/_t// N t”—t N t—t/ _ —kZ(t/—t”)(t”—t)(t—tl)
1—k2t't" 1 — k2t 1 —k2tt (1 — k27 (1 — k2t7t) (1 — K2tt)”

which is obvious, since:

t—tt+ ("—tt + (—-tHt"=0,
<t/2 _ t”z)t + (t//z _ tz)tl + (tz tzz t// — ( t//) t” o t)(t o t’).

Additionally, I observe that from (2.), having put b = 0, this formula follows:

L 1 1 —ksinam usinam(u + a)
(8. /o sinam(2u +a)du = 2k log 1—ksinamusinam(u +a)’

Now, starting from formula (4.), let us construct another formula fundamental
in the theory of the transcendents 6(u) or Q)(u) or one which is of more depth.

2.

From the formula for the addition of elliptic integrals of the second kind:

E(u+a)+E(u+b) —EQu+a+0b) =k?>sinam(u + a) sinam(u + b) sinam(2u +a + b),
E(u)+E(u+a+b)—EQu+a+b)=k*>sinamusinam(u +a + b) sinam(2u +a + b),



having subtracted the one of which formulas from the other it results:

E(u+a)+E(u+b)—E(u)—E(u+a+b)
= k?sinam(2u +a +b) [sinam(u + a) sinam(u + b) — sinam u sinam(u +a + b)],
or from (4.):
E(u+a)+E(u+b)—E(u)—E(u+a+b)
= k% sinam a sinam b sinam (2u + a 4 b)[1 — k? sinam u sinam (u +a) sinam(u + b) sinam(u +a +b)].

Further, one has from (4.):

[1 — k? sinam u sinam (u 4 a) sinam(u + b) sinam(u + a + b)]
x[1 + k* sinam a sinam bsinam u sinam (1 4 a 4 b)]
=1—ksinamusin®am(u +a +b),

whence it results:

E(u+a)+E(u+b)—E(u) —E(u+a+0)

k? sinam a sin am bsinam (2u + a + b)[1 — k? sin? am u sin* am(u + a + b)]
1+ k?sinamasinambsinam u sinam(u + a + b)

7

or, since:

d[sinam u sinam(u + a + b)]
du ’

2

sinam(2u +a +b)[1 — k? sin? am u sin®am(u +a +b)] =

it results:

E(u+a)+E(u+b)—E(u)—E(u+a+b)

_ dlog[l+k*sinamasinambsinamusinam(u + a + b)]
N du '
Hence, after the integration from u = 0 to # = u and having put:

/E(u)du = log Q(u),
0

if you go from logarithms to numbers, a new fundamental formula results:



(©) Q(u+a)Q(u+b)Q(a+b)
' Q(a)Qb)(u)Q(u 4 a+ b)

= 1+k*sinamasinam bsinam u sinam(u +a 4+ b).

It is convenient to express this formula in this form:

Qu+a) Qu+b)  Quta+b) . . . .
(10.) 0w 00w — o0+ b) [1+ k2 sin am a sin am b sinam u sinam (1 +a +b)].

This formula, putting b = —a, since Q(—u) = Q(u), Q(0) = 1, goes over into
a formula, given in the first treatise on elliptic integrals § 4 (24.):

Q(u+a)Q(u—a)
O?(a)%(u)

Additionally, one easily deduces a theorem on the addition of elliptic integrals
of the third kind from (9.). For, one has (in the same paper (26.)):

=1 —k*sin?amasin®am u.

[1(u,a) = uE(a) + ;logm

and hence:

[0) 10, 0) =110+ 5,0) = 1o oI 0O 220

Now, if we write u, v instead of a, b and a4 and then —a instead of u in (9.),
we obtain:

Qu+a)Q(v+a
Q(u)Q(v)Q(a)Q)
Q(u—a)Q(v—a
Q(u)Q(v)Q(a)

~—

Q(u+0)
u+ov+a)
Q(u+0)
u+v—a)

= 1+ k? sinam a sinam u sinam vsinam(u + v + a),

~—

= 1— k?sinam asinam u sinam vsinam(u + v — a),

—

whence, having divided the one formula by the other:

(v—a)Q(u+v+a) 1—k?sinamasinamusinamosinam(u + v — a)
(v+a)Q(u+v—a) 1+k¥sinamasinamusinamosinam(u + v+ a)

[
olje)



and hence:

1, 1-k*sinamasinamusinamovsinam(u +v — a)
IT IT —1II ,a) = =1 ,
(u,a) +T1(v,a) (u+v,a) 2 Og1—|—k2sinamusinamusinamvsinam(u—|—v+a)

which is a known formula.
Having, as before in § 7 of the mentioned paper, put:

Q(u) = e ™ x(u),

where 7 is constant, since:

(u+aP+u+b3?+(a+b?=a*+b*+u*+ (u+a+b)?

from (9.) one also has this equation for the function x(u):

x(u+a)x(u+b)x(a+b)

) S @xxtatatb)

= 1+k?sinamasinam bsinam u sinam(u + a4+ b).

If one wants to introduce the function ®(u) used in the Fundamenta nova, for

_ —E .
r = g one has:

whence from (11.) it results:

O0)0(u+a)O(u+b)O(a+b)

(12.) 0@)OBOWOW +ath) 1+k*sinamasinam bsinam usinam(u+a+b).
Having put:
oy = 40w o d0(u)

Alu) = du ’ ©'u) = du '
one has:

O'(u) _ Of(u) _

oW ~ o k' B
whence:



E(a)+E(b)+E(u) —E(u+a+b) =

Further if we, as in the Fundamenta nova, put:

H(u) = Vksinam u®(u),
it will be:

k*sinam(a +b) sinam(u + a) sinam(u +b) = Vk-

whence from (7.), (12.) it results:

0@ " O®) " e®)  ewu) Outatd) T 00100 tath)
or, since (Fund. § 65):

©'(a) ©(b) Of(a) ©O(u) O(u+a+b) \/%G)(O)H(a—i—b)H(u—i—a)H(u—f—b)

n O'(u) ©O(wm+a+b) H(0)H(@a+b)H(u+a)H(u+b)
Qb)) O(u) Ou+ta+b)  O@ODL)Ou)Ou+a+b) ’

(13.)

which I wanted to mention on this occasion.

I once gave general algebraic expressions, concerning the transformation of
elliptic functions, for the roots of equations of degree n without a proof. I
found these formulas, which still had to be considered as deeply mysterious
in the theory of elliptic functions, applying a new and very far-extending
principle; after this by means of the memorable formula (10.) I succeeded to
prove them in a very elegant and elementary way. I will publish my results
SOON.

Konigsberg, 21st of Sept. 1835.



